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Abstract 

We introduce and study generalized Umemura polynomials Un)ri{z,w;a,h) which 
are the natural generalization of the Umemura polynomials Un{z,w;a,b) related to 
the Painleve VI equation. We show that if either a = 6, or a = 0, or 6 = 0, then 
polynomials Un)n{z,w;a,b) generate solutions to the Painleve VI equation. We give 
new proof of Noumi-Okada-Okamoto-Umemura conjecture, and describe connections 
between polynomials Un}n{z^ w; a, 0) and certain Umemura polynomials Uk{z, w; a, f5). 
Finally we show that after appropriate rescaling, Umemura's polynomials Uk{z, w; a, b) 
satisfy the Hirota-Miwa bilinear equations. 

§1. Introduction 

There exists a vast body of literature about the Painleve VI equation Pyi := Pvi{o:, (3, 7, 6) 

^ 1 A 1 1 \ (dqV (I 1 1 \ (dq 

df^ 2\q g-1 q-t)\dt) \t t-l q - 1 ) \dt 

q(q-l){q-t)f , (t-l) , . tjt - 1) \ 



t^{t-iy V (g-i)' (q-ty 

where t E C, q := q{t]a, P,'y,6) is a function of t, and 7,5 are arbitrary complex 
parameters, see e.g. ||1\IUUU| , |01-01V| , 0, |D|] and the literature quoted therein. It is well- 
known and goes back to Painleve that any solution q{t) of the equation Pyi satisfies the 
so-called Painleve property: 

• the critical points 0, 1 and 00 of the equation (1.1) are the only fixed singularities of 
q{t). 

• any movable singularity of q{t) (the position of which depends on integration constants) 
is a pole. 

In this paper we introduce and initiate the study of certain special polynomials related to 
the Painleve VI equation, namely, the generahzed Umemura polynomials ui%{z,w; a,b). 
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These polynomials have many interesting combinatorial and algebraic properties and in the 
particular case n = = k coincide with Umemura's polynomials Umiz'^,w'^]a,b), see e.g. 
[|D|, [NUUU|| . The main goal of the present paper is to study certain recurrence relations 
between polynomials ui%{z,w, a,b). Our main result is Theorem 1 which gives a general- 
ization of the recurrence relation between Umemura's polynomials |Q. In some particular 
cases the recurrence relation obtained in Theorem 1 coincides with that for Umemura's poly- 
nomials. As a corollary, we obtain a new proof of the Noumi-Okada-Okamoto-Umemura 
conjecture [|NOOU|| , and show that polynomials Un)n{z,w; a,0) also generate solutions to 
the equation Painleve VI. The main mean in our proofs is Lemma ^ from Section 4. For 
example, using this Lemma, we prove a new recurrence relation between Umemura's poly- 
nomials (Theorem 2), describe explicitly connections between polynomials Un,m{0,b) and 
Umemura's polynomials Um.{bi, 62), see Lemma ^, and prove that after appropriate rescaling 
Umemura's polynomials Un{z, w; a, b) satisfy the Hirota-Miwa bilinear equations, see Propo- 
sition 5. Finally, in Section 5, Proposition 6, we state and prove an analog of the Pliicker 
relations between certain Umemura's polynomials. 



12. Painleve VI 



In this section we collect together some basic results about the equation Painleve VI. More 
detail and proofs may be found in familiar series of papers by K. Okamoto |pi-UlV[| . We 
refer the reader to the Proceedings of Conference "The Painleve property. One century 
later" Q, where different aspects of the theory of Painleve equations may be found. 



2.1 Hamiltonian form 



It is well-known and goes back to a paper by Okamoto j01-01V| that the sixth Painleve 
equation (1.1) is equivalent to the following Hamiltonian system: 



nvi{h;t,q,p) : < 



dq 


dH 


IE ~ 

< 


dp ' 


dp 


dH 


It 


dq ' 
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with the Hamiltonian 



H := Hvi{h- 1, q,p) = ^^^-^ [q{q - l)(g - t)/ - {(61 + &2)(g - l)(g - t) 



+ {bi - h2)q{q - t) + (63 + b^l - + (&i + h){hi + bi){q - t)] , 

where b = (61, 62, &3, ^4) belongs to the parameters space C'^; the parameters (a, /?, 7, 5) and 
(&i, &2, bi) are connected by the following relations 

oi = \{b,- b,)\ /? = -i(6i + 62)', l = \{bi- 62)', 5 = -\{b, - b,){b, + 64 - 2). (2.2) 
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Proposition 1 (K. Okamoto, j Ul-Ul V ].) If {q{t),p{t)) is a solution to the Hamiltonian 
system (2.1), the function 

h{h, t) = t{t - l)Hvi(h; t, q{t),p{t)) + e2(&i, h, b^)t - ^62(61, 62, h, 64) 
satisfies the equation Evi{h) : 



dh 
Itt 



t{t-l) 



+ 



dh { , , ^dh 

- 2A-(a-i)-KM,M. 



k=l 



dt 



k I ) 



(2.3) 



where e2(xi, . . . ,Xn) = XiXj denotes the degree 2 elementary symmetric polynomial. 

l<i<j<n 

d^h 

Conversely, for a solution h := h{h,t) to the equation Eyj{h) such that 7^ 0, there exists 

a solution {q{t),p(t)) to the Hamiltonian system (2.1). Furthermore, the function q := q{t) 
is a solution to the Painleve equation (1.1), where parameters 7,5) are determined by 
the relations (2.2). 

We will call the equation Eyjih) by the Painleve-Okamoto equation. 
2.2 Backlund transformation 

Consider the following linear transformation of the parameters space C^: 

si := (61, 62, ^3, ^4) I — ^ (&2, hi, 63, 64), 

S3 ■= {hiMMM) I — ^ {hiMMM), 



So := &2, &3, ^4) I — ^ (&i, &2, -&3, -^4), 



h ■= {bi, 62, h, h) I — > (&i, b2, 63 + 1, b^). 

Denote by W =< Sq, Si, S2, S3, /s > the subgroup of AutC^ generated by these transformation. 
It is not difficult to see, that W = W{D^^), i.e. W is isomorphic to the affine Weyl group 
of type -04^''. 



Proposition 2 (K. Okamoto, 10I-0I\\J .) For each w G W , there exists a birational trans- 
formation 



Lw : {solutions to 7iv'/(b) } 1 — > {solutions to Tiviiwih)) }. 
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The birational transformations L^, w & W^Dl^^ ) are called by Bdcklund transformations 
associated to the equation Painleve VI. 



2.3 r— function 

Let {q{t),p{t)) be a solution to the Hamiltonian system (2.1), the r-function r(t) corre- 
sponding to the solution {q(t),p(t)) is defined by the following equation 

j^\ogT{t) = Hviih;t,qit),p{t)y, 

in other words, 

r(t) = (constant) exp Hvi(h]t,q{t),p(t))d1^ . 

2.4 Umemura polynomials 

Suppose that 63 = — |, 64 = 0, then it is well-known and goes back to Umemura's paper |U[ 
, that the pair 



{Qo,Po) 



{b^-b^y + Abib^t ' go(go-l) 



defines a solution to the Hamiltonian system (2.1) with parameters b = (61, 62, — |, 0). Note, 
see e.g. 0, that 

Hoit) = Hvi (^{bi,b2,-^,Oy,t,qo{t),poit) 
= j^^^ {biibi - 1)(1 - 2t) + 2bWtit-l) + 262(^1 - t) 
+62(^2 - 1)(1 - 2t) - 2bl^t(t-\)^ , 



and 



ro(t) =exp|y" E^{t)dt)^. 



To introduce Umemura's polynomials, let {qm,Pm) be a solution to the Hamiltonian system 
Ttvi{bi, 62, — l + m, 0) = 7iy/(/^(&i, &25 0) obtained from the solution {qo,Po) by applying 
m times the the Backlund transformation Z3. Consider the corresponding r-function r^: 

^logr„ = Hvi{{bi,b2, ~ + m, 0); t, gm(t),Pm(t)). 



It follows from Proposition 1, see e.g. |pi-01V| , |D|], that r-functions r„ := Tn{t) satisfy the 
To da equation 

^ (tit - 1) A(iogr„)^ + + b2 + n){h + &4 + n). (2.4) 



dt \ dt 

Follow H. Umemura |[D]], define a family of functions Tn{t), n = 0, 1, 2, . . ., by 
Tn{t) = Tn{t) exp I J {Ho{t) t(l^T) J J ■ 

Proposition 3 (H. Umemura, j^) Tn{t) is a polynomial with rational coefficients in the 

variable v := \ h \ . 

\ t-1 V t 

For example, Tq = 1, Ti = 1, T2 = i (-462 + i)(2 - t;)/4 + {-Ab^ + 1)(2 + t;)/4). 

It follows from the Toda equation (2.4) that polynomials T„ := Tn{v) satisfy the following 

recurrence relation Q: 

Tn-iTn+i = i^l{-2bl-2bl + {bl-bl)v) + {n-^-r^T^ (2.5) 

I/O . \ O I , d T'n ( d'-l- 7 



2-v 



with initial conditions Tq = Ti = 1. 

Definition 1 Polynomials Un '■= Un{z,w,bi,b2) ■= 2"'^'"~-'^^T„(f ), where z 
w = — — , are called by Umemura polynomials. 

The formula (2.6) below was stated as a conjecture by M. Noumi, S. Okada, K. Okamoto 
and H. Umemura [[NOOU|| and has been proved recently by M. Taneda, and A.N. Kirillov 
(independently): 

2"("~i)T„(t;) := U^iz, w, b,, b^) = d„(/)c,d[„_i]\, z^'^ w;'^^ (2.6) 

/C[n-1] 

where 

(i) [72 — 1] = {1,2,..., 72 — 1}; for any subset I = {ii > 12 > ■ ■ ■ > ip} C [n — 1], 
d„(/) := dim^^^j""* stands for the dimension of irreducible representation of the gen- 
eral linear group GL{n) corresponding to the highest weight A(/) with the Frobenius' 
symbol A(/) = (ii, ^2, • ■ • , vKi - 1, ^2 - 1, • • • , V ~ 1); 



5 



(u) c = -46f, d = -4bi, z = w = 

(iii) Ck = c + {2k - 1)^, dk = d + {2k - 1)^, Ck = ciC2 ■ ■ - Ck, dk = did2 ■ ■ ■ dk] 

(iv) |/| = + 22 H h ip. 

Recall that Frobenius' symbol (oi, 02, . . . , ap|6i, 62, • • • , denotes the partition which cor- 
responds to the following diagram 



ai ■ 



■a2- 



§3. Generalized Umemura polynomials 

Let 71,171, k be fixed nonnegative integers, k < n. Denote by [n; m] the set of integers 



{1, 2, . . . , n, n + 2, n + 4, . . . , n + 2m}. Let / be a subset of the set [n; m]. Follow |PK|| , define 
the numbers 



dn,m{I) = Y\. 

i£/,j6[n;m]\/ 



i+j 



I — n 



(3.1) 



It has been shown in ||DK|| , that in fact dn^m{I) are integers for any subset / C [n; m]. Now 
we are going to introduce the generalized Umemura polynomials 

[k]ClC[n;m] iel\[k],je[k] ^ ^ 

where 



(i) [k] stands for the set {1,2, . . . , k}; 

(ii) dk = a_+ {k - if, h = b + {k - if and a2k = 0204- ■ ■d2k, a2fc+i 

b2k = ^2^4 • ■ ■ &2fc, &2fc+l = ■ ■ ■ b2k+l] 

(iii) for any subset / C [n; m], we set aj = Yliei = Yliei 

(iv) e5"'"''=)(z,u;) =a,\[,]6[„HV^"^''^'^'f"""'^"- 



aiOa ■ ■ ■ a2k+i] 



Note that the polynomial U^^l^ coincides with Umemura's polynomial Tjn{z'^,w'^; a,b). The 
formula for generalized Umemura polynomials stated below follows from the Cauchy iden- 
tity, and was used by J.F. van Diejen and A.N. Kirillov |pK|| in their study of g-spherical 
functions. 

Lemma 1 The generalized Umemura polynomials Un%{a, b; z, w) admit the following deter- 
minantal expression 



Ui%ia,b; z,w) =det 



se[fc] 



i + s 



I — s 



i + S 



t — S 



biz' 



i ,j (i\n\m\\\k\ 



where c{i) = i if i <n, and c{i) = {i — n)/2 if i > n. 

In the particular case k = 0, n = this formula gives a determinantal representation for 
Umemura's polynomials and has many applications. 



§4. Main result 

Let us introduce notation Un,m '■= Un}n{z, w; a, b). The main result of our paper describes a 
recurrence relation between polynomials f/„.m. 

Theorem 1 

(2 7~ 2\ 2 2 2 2 

—0,n+2m+2Z + bn+2m+2W ) U^^^ + 8z W DJJn^m ° Un,m 

^ ^,ab{a-b)zW{ui%)\ (4.1) 



[n + 2m + 

where for any two functions f = f{x) and g = g{x) 

Dlfog = f"g - 2f'g' + fg" 

denotes the second Hirota derivative, and ' = —; here variables z,w and x are connected by 

dx 

the relations z = ^{e^ + — 2)^^"^ , w = ^ {e^ + + 2)^^"^ . 

The main step of our proof is to establish the following algebraic identity which appears to 
have an independent interest. 

Lemma 2 For any two subsets I, J of the set [n;m], we have 

n/ x + 2 + A \ TJ f ^-^ \ TT f x~X \ -|-|- / x + 2 + A 



1.1, J 



(x + 2 - X)(x + X)' 
where the coefficients 6^'"^ have the following expressions: 
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(i) if \ ^ 1 and X E I H J, then 6^'"^ = 

«(-4n (^)n(^)^n(^) n 

(^A'eA{A} ^ A'eJ ^ ^ x'ei ^ ^ A'eJ\{A} ^ 

(ii) if X 1, X E I and X ^ J, then 

^'--<-4n (^)n(^) 



A'e/\{A} ^ ' A'gJ 



(iii) iflelnJ, then 



-X 



n m n (r^ 

Proof. Using the partial fraction expansion, we have 

U + 2- a; J-J- U + a; ^J-J- U + a; J-J- U + 2- a 

AG/ ^ ^ AeJ ^ ' / A6/ ^ ^ AeJ ^ 

A B ^ Cx 
= 2H I h > - 

x+1 (x + iy ^ X + 2 + A 

+ T V + T 

^ a; - A ^ a; + 2 + A ^ x-A' 

Ag/,A7^1 AeJ.AT^l AeJ,A7^1 

where A, B, Cx, -Da, Ex and Fx are some constants. It follows from the residue theorem 
that we have 



A=o.Mc.=-D,=2x\ n (^)n 

[^A'G/\{A} ^ ^ A'GJ 



A - 2 - A^ 
J , A - 2 + A' 



Similarly, we get expressions for Ex and Fa. Moreover, If 1 G / fl J, then 

n m) n 

agA{i} ^ ^ agA{i} ^ 

All the statements of Lemma |^ follow from the above expressions for coefficients Cx, -Da and 
B by direct calculations. 
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Lemma 3 For any two subsets I, J of the set [n;m], we have 

J2 &i'" = 4(|/|-|J|f -4(|/| + |J|). (4.2) 
Ae/uJ 

Proof. By Lemma we have 
y bl'-' = lim {(L.H.S of Lemma 13 (KT) ) - 2} 



ag/uj 



^ n (Sl^) n (^) ^ n (i-^) n (Sl^ ) - ^ 

Lag/ ^ AeJ ^ ' / Ae/ ^ ^ AeJ ^ 

ii,„ -^f^' 



x— >oo 



where 



+ 2 - A) + A) + 2 - A) + A) 

Ae/ AG/ agJ agJ 

A[x) = xUY[{x + 2 + \)Y[{x + \)Y[{x + 2-\)Y[{x~X) 

Lag/ AG/ AGJ AGJ 

+ Y[ix + 2 - A) Y[ix - A) + 2 + A) Y[{x + A) 

AG/ AG/ AGJ AGJ 

-2jJ(x + 2-A) JJ(x + A) JJ(x + 2- A) JJ(x + A) i . 

AG/ AG/ AGJ AGJ J 

It is easy to see that coefficients of x''^'^''^''^^ and x'^'^''^'^"'^ in A{x) are disappear. Now let us 
compute the coefficient of x'^'"'"''^' in A(x): 



5^{(2 + A)(A) + (2-A)(-A)-2(2-A)(A)} 

AG/ 

+ Yl + Ai)(2 + A2) + (2 + Ai)(A2) + (2 + A2)(Ai) + (Ai)(A2) 

Ai,A2G/,Ai<A2 

+(2 - Ai)(2 - A2) + (2 - Ai)(-A2) + (2 - A2)(-Ai) + (-Ai)(-A2) 
-2(2 - Ai)(2 - A2) - 2(2 - Ai)(A2) - 2(2 - A2)(Ai) - 2(Ai)(A2)} 
+ J2 {(2 + 2Ai)(2-2A2) + (2-2Ai)(2 + 2A2)-8} 

AiG/,A2GJ 

+ 5^ {(2 + A)(A) + (2 - A)(-A) - 2(2 - A)(A)} 

AGJ 



+ Yl + Ai)(2 + A2) + (2 + Ai)(A2) + (2 + A2)(Ai) + (Ai)(A2) 

Ai,A2eJ,Ai<A2 

+ (2 - Ai)(2 - A2) + (2 - Ai)(-A2) + (2 - A2)(-Ai) + (-Ai)(-A2) 
-2(2 - Ai)(2 - A2) - 2(2 - Ai)(A2) - 2(2 - A2)(Ai) - 2(Ai)(A2)} 
= ^(4A2-4A)+ Y1 8A1A2- Yl ^^1^2 

AG/ Ai,A2e/,Ai<A2 Aie/,A2GJ 

+ ^(4A2-4A)+ J2 8A1A2 

AgJ Ai,A2GJ,Ai<A2 

= {4(|J|-|J|)^-4(|/| + |J|)}. 

The latter expression coincide with the RHS (4.2), and therefore the proof of Lemma 3 is 
finished. 

Lemma 4 For an element \ E I H J, we have b'^"^ = if and only ifX — 2Elr\J. For an 
element A G /\(/ H J), we have 6^'"^ = if and only if X — 2 E J. 

This lemma follows from Lemma ^ by direct calculation. 

Lemma 5 Ifni + mi = ^2 + 1TL2, then 

Az^w^Dlz^'^w"'' o = [- {(m + n2) - (ni - ^2)^} (4.3) 

+ {(mi + m2) - (mi - m2)^} z^] 

Easy proof by direct computation. 

Now we are ready to prove our main theorem. 

Since is a bilinear operator, using the above identity (4.3), we have 

{-an+2m+2z'^ + &n+2m+2W^^) U^,m + Sz'^w'^ DlUn,m ° Un,m 
/, JC[n;m] 

- Y j).Mn,™(/)d„,^(j)(-i)<^H^(^)e;:;:,'°i(.,^)e[-^^^^^^ 

I,J<Z[n;m] 
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where we write 

P„(/, J) = a„+2™+2 - 2 {(|/| + I J|) - (|/| - \J\f} , 



A(J, J) = 6„+2™+2 - 2 {(|/| + I J|) - (|/| - \J\f] . 
By Lemma H we have 



-Pa (-^5 J) — 0'n+2m+2 + " &a'^ 



Ae/UJ 



^^^^^ 2(rz + 2m + 2 - A) (n + 2m + A) 



Ae/UJ 



art+2m+2 - (n + 2m + 2 - A) (n + 2m + A) j 
2(n + 2m + 2 - A)(n + 2m + A) ^ 



Using Lemma ||, the latter expression can be transformed to the following form: 

p (J j\ ^ an+2m+2 ( TJ ( ^ + 2m + 2 + A A -|-r / n + 2m - A ^ 
' ^ ~ 2 l-l-l I n + 2m + 2- A/ -1-1 W + 2m + A 

-p-|-/n + 2m-AA -p-|-/n + 2m + 2 + A 

^ J-J- W + 2m + A/ J-l I n + 2m + 2- A 

AG/ ^ ^ AeJ ^ 



^ 2(n + 2m + 2 - A)(n + 2m + A) ^ 



ag/uj 

Now if n + 2m G J, then it is not difficult to check that 

bn+2m+2 yr Z' U + 2m + 2 + X\ j-r / u + 2m - X 

2 J- J- [n + 2m + 2- \) J- J- Vn + 2m + A 

AG/ ^ ^ AgJ ^ 

Hence we have 

{-an+2m+2z'^ + &n+2m+2^i'^) U^^m + 8z'^W^DlUn,m ° Un,m 



J2 d„,^+i(/)d„,„_i(J)(-l)^(^)+^(^)e5"''"+^'°V. 

IC[n,m+l\, Jc[n,m-1\ 



z,w)ej [z,w) 
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I V V ^A"^d,,,„,(/)d„,^( J) (- - 2 (n,m,0) / x (n,m,0)/ x 

E <,»+i(od„,„-i(j)(-i)'^<''«''''e|:::«-"'(..uOe|:::|-f'(..u.) 

/C[n,m+1], Jc[n,m— 1] 

^A''^d„^rn(-^)dn,m('^) (— _ ^ (n,m,0) / x (n,m,0) / x 

7,Je[n;m] Ae/UJ 
Un,m+lUn,Tn—l 



-r,Je[n;m] Ae/UJ 



2(n + 2m + 2 ■ 


-A)(n 


+ 2m + A) 




,™(^)(- 


_;L)c(/)+c(J) 


2(n + 2m + 2- 


-A)(n 


+ 2m + A) 


b^/dn,miI)d-n,m{J)i- 




2(n + 2m + 2 ■ 


-A)(n 


+ 2m + A) 



I,Je[n;m] XelUJ 



2 (n,m,0) / \ (n,m,0) 



To continue our proof, for A 7^ 1, A e /, we define the function Split(6A)(-^, J) by 

sp.it(w..)^4A(A-i, n (^)n(i^)- 

Let us observe that if A e / fl J and A 7^ 1, then 

b'/ = Split(6A)(7, J) + Split(6,)( J, 7). 

Similarly, if A G /, A 7^ 1 and A ^ J, then = Split (6a) (/, J)- 
Finally, if A G /, A 7^ 1 and A - 2 ^ J, then 

n (y^) dn-(^) = (-l)*t"-^>^ n m]\{A{A}}) 

X'el\{\} ^ ^ Ae[n;m]\{A{A}} ^ ^ 

and 



-T\J\\ \ / 



A'gA{A} 



X 

Ae[n;m]\{7U{A-2}} 



where #[n;m]>A = #{i G [n;m]|i > A}. 

Let us summarize the results of above calculations as an auxiliary lemma. 
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Lemma 6 // A G /, A 7^ 1 and X — 2 ^ J, then 

Split(6A)(/, J)d„,„(J)d„,^(J) = (-l)^Split(6,)(/', J')d„,„(J')d„,„(J'), 

where I' = [n; m]\{I\{X}} , J' = [n; m]\{J U {A - 2}} and A = 1 if X < n, and A = -I if 
X> n. 

Note that under the assumption of Lemma H, we have 6AW^ej"'''"'°''ej"'''"'°'' = a\z^e^p'^'^^ e^j,'^'^^ 
and aAW^ej"'™''°'*ej'^'™''°'* = hxz^e^p'^''^^ e^j,'^'^\ Hence, using Lemma ||, we obtain the following 
equality 

{-a'n+2m+2z'^ + &n+2m+2W^) f/^,m + ^Z^w"^ DlUn,m ° Un,m 
Un,m+lUn,m—l 

^1^ ^n,m{I)dn,m{J){ — ^Y^^''~^^^'^\ 2 (n.m,0) / n (n,m,0) / \ 

+ > ■ — : ■ tt; biwe}' '(z,w)e\ ^(z,w) 

/,Je[n;m], Ig/nJ ^ ^ 



&{'"d„,^(/)d„,^(J)(-l)-W+-(^) 



/,Jg[n;m], iG/nJ 



— 2 ('n,mSS) I \ (n,m,0) , 



To simplify the right hand side of the latter equality we are going to use the following 
expression for the coefficients h\'^ which is an easy consequence of Lemma 2: 



n m n m\ 



A'eA{i} ^ ' A'eJ\{i} 

After substituting the above expressions for the coefficients to the both sums which 
appear in the right hand side of the equality under consideration, it remains to observe that 
if 1 G / C [n; m] , then 



A'e/\{1} ^ ' A'e[n;m]\/ ^ ' 



.(A{i}), 



2; 2 2 (","1,1)/ \ ("-,"1,1)/ \ I. 2 in,m,0) f \ (n,m,0) / \ 

a ow z Cj {z,w)ej {z,w) = biw e) {z,w)ej \z^w) 

and 

1,2 2 2 (",ni,l)/ \ (",ni,l)/ \ - 2 (",ni,0) / \ (n,m,0) / \ 

abwze) '[z,w)e) '[z,w) = a^z e\^.^^^'j{z,w)e\^.^^^'j{z,w). 
The proof of Theorem 1 is finished. 



□ 
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Remarks 1. If n = 0, then Uo^m = Um+i{z'^,w'^;a,b) coincides with the Umemura poly- 
nomial, and t/om — 0- ^^i^ case the recurrence relation (4.1) has been used by 
M. Taneda in his proof of Noumi-Okada-Okamoto-Umemura's Conjecture (2.6). 

2. Note that ?7o,m = m-i/ (2"^ + 1)) ^-^^ more generally 

Ul% = Ui%l^,i2k + l)!!(2m - l)!!/(2fc + 2m + 1)!!, 
where {2n + 1)!! = 1 ■ 3 ■ 5 ■ ■ ■ (2n + 1). 

3. "Unwanted term" in (4.1) which contains (^U^l^ vanishes if either a = 0, or 6 = 0, or 

a = b. 

In the case a = b and k = the expression e^P''^'''\z, w) doesn't depend on a subset / C [n; m] 
and is equal to a[„;m]-2^'^''U^""'™'^'^''^'- Hence, in this case 

/C[n;m] 

( n + m + 1 \ f m + 1 \ 

= a[n-m]iz + wr " ){z-w)y ' ). (4.4) 



ie[n;m] 



Recall that ai = a + {i — 1)^, a2i = 0204 ■ ■ ■ a2i, a2i+i = aia^ ■ ■ ■ 0,21+1 and a[n-rn] = Yl 
The last equality in (4.4) has been proved for the first time by J.F. van Diejen and A.N. Ki- 
rillov [pK|. On the other hand, we can show that polynomials 



Xn,m{z,w;a) = a[n;m]{z + w)^ 2 2 ) 

also satisfy the recurrence relation (4.1) and coincide with polynomials Un)n{z,w]a,a) if 
m = 0. From this observation we can deduce the equality Xn,m{z,w;a) = Un)n{z^w;a^a), 
which is equivalent to the main identity from ||DK|| . Another case when "unwanted term" in 
(4.1) vanishes is the case when either a = 0, or 6 = 0. In this case we have 

Corollary 1 Assume that 6 = 0, then polynomial Un,miz,w; a,0) defines a solution to the 
equation Painleve VI. 

Finally, we are going to compare polynomials Un,m{z,w] a,0) and Um{z,w] a, P). For this 
goal, let us consider functions 

ho := ho{t) = S^bj (yi-vt^y + bi(yt+ VtTT)'! /4, 

and 

hn,m ■= hn,m{bl, h) = t{t - 1) log (Un-m)' " ^0- 
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Proposition 4 (i) ho,m satisfies the Painleve-Okamoto equation Evi{bi,b2,'m + 1/2,0); 

(ii) hi m = — (2t — l)(m+ 1)^/2 satisfies the equation Evi{0,m + 1,63,64); 

/ ■■\ , / 1 \ r 1 f 1 ^ n + 2m + 1 
(ill) /in,m(0,O2) satisfies the equation Eyi {0,02, —, ). 

Proposition 4 follows from Lemma |^ and Lemma |^ below. 
Let us define Un,mipi,h2) := Un^m{z,w; —4:bl, —462), then 



Lemma 7 



Un,mi0,b2) = < 



if n is even, (4.5) 



'[n;m]odd 



2 ) n 



0,^ 



n + 1 

m -\ ,62 ) , if n is odd, (4.6) 



where [n; m]odd = G [ra; m] \ i is odd }. 

Proof. By the definition of generalized Umemura polynomials, one can see 

IC[n; 

'fTT'j even 

Assume first that both n and i are even, then we have 



a, 



« 1 61=0 



{(^-1)!!^, 



a 



i/2 

^l6.=n/2 = n{-^' + (2j-l)'}«.k=0- 



Now if z < n, then 

n 

je[n;m]odd 



I- J 



(i + n- 1)!! 



\bi=0 



[n 



= (n - i + l)(n - i + 3) ■ ■ ■ (n - i - 1) 

I — t)\\ 



n(n^ - (2j - 1)^) = (-1)^/^ a4^_/2 



and if i > n, then 



n 



je[n;m]odd 



i+j 



^i\bi=0 



1 

-1) 2 



(-1)^ (i + n - l)\\{i - n - 



i + n I t — n 



{n - i + l){n - z + 3) ■ ■ ■ (n - z - 1) 
n(n2 - (2j - 1)2) = (-1)^/2 



a 



«l6i=n/2 • 
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Finally, let n be odd and i be even, then 



n 



iG[?i;m]odd 



i+j 



1-3 



lbl=0 



{i + n + 2m)!! 
{n + 2m — z)!! 

(n + 2m + 2 - + 2m + 4 - z) ■ ■ ■ (n + 2m + i) 

i 

\[{{n + 2m + If - (2j - 1)^) = {-1^^ a4,=(n+2™+i)/2 



□ 



From Lemma |^ we can deduce the following 
Lemma 8 



Hq I m + 



n + 1 



i/n zs even, 



if n is odd. 



It follows from Lemma 0, (4.5) and Theorem 1, that Umemura's polynomials Um{bi,b2) 
satisfy a new recurrence relation with respect to the first argument bi. 

Theorem 2 



Um{bi-l,b2)Um{bi + l,b2){bl-b^' 



(4.7) 



= {bi - bi)Ui{bi, 62) + 2z'DiUUbi, ^2) o f/„(6i, 62). 

Recall that denotes the second Hirota derivative. 

Proof. It follows from Lemma |^ (4-5) and Theorem 1 that we have 

Uqu^ (m + IH —, 62)^^0,^2^ (m - IH —, b2)w%n+2m+2 (4.^ 



/ n + 1 \ 

bn+2m+2w'^ \ U^ n^im ^ —, 62) 1 



2 



+'Sz'^w'^D1 UQ n^{m H — , 62) o f/g n^(m H — , 62)- 

We regard the recurrence relation of Theorem 2 as an algebraic equation with respect to the 
variable bi. By the above identity (4.8), this algebraic equation has infinitely many solutions. 
The proof of Theorem 2 is finished. 

□ 
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Corollciry 2 

Um-lih, b2)Um+libi, h) - Aw\hl - hl)Um{h - 1, &2)C/m(fcl + 1, ^2) (4.9) 

= (a2m+2) C/^(&1,&2). 

Um-l{hl, b2)Um+l{bu h2) - ^Z\hl - bl)Um(h, 62 - l)Um(h, 62 + 1) (4.10) 

Um-libiM)Um+libiM) - b2m+2w''Um{b^-lM)Umibi + lM) (4-11) 

+ a2m+2Z^Um{hl, 62 " l)f/m(&l, 62 + 1) = 0. 

Let us define functions X{k, 1,171) by tlie following recurrence relations: 
X(k,l,m-l)X(k,l,m + l) = X(k-l,l,m)X(k + l,l,m)(A(b2 + lf - {2m + iy)w^ 

= X{k, I - 1, m)X{k, I + 1, m)(-4(6i + kf + (2m + lf)z'^, 



with initial conditions X{0,0,m) — X{0,l,m) = X(l,0,m) = X(l,l,m) = 1. To solve 
these recurrence relations, let us introduce the following functions. 

Yii,m) = (4(62 + 0' - (2m + l)')«;^ Z^k,m) = (-4(6i + kf + (2m + l)')z', 

n n 

Y{l,m)in) = Y\_^{l,m-n-l+2j), ^(fc,m)(^) = JJ^ ■^(fc,m-n-l+2j)- 

j=l j=l 

With these notation the exphcit formula for X{k,l, m) looks as follows 

/ /k-l l-l 
X{k,l,m)^l / [l[n,m)ij)ll^ik,m){j) 

Finally let us introduce the function T(^k,i,m) to be 

T(k,i,m) ■= Ti^k,i,m){bi,b2;z,w) = Um{bi + k,b2 + l)X{kJ,m) (4.12) 



Proposition 5 Functions T(^k,i,m) satisfy the Hirota-Miwa equation 

T(k-l,l,m)T'(k+l,l,m) + T(^k,l-l,m)T'{k,l+l,m) + T(^k,l,m-l)T(k,l,m+l) — 0- (4-13) 

This is a direct consequence of Corollary 2. 

17 



§5. Example 

Let us define function '■= qmit) by tlie following formula 

Qm-t = 4[/^|(^m+0t(t-l)^log[/™+i- (^m + 0t(t-l)^log[/^ 

One can check that the function is a solution to both equations Pvi{bi, b2,m+ |, 0) and 
Pvi{bi,b2,0,m + i). It follows from Okamoto's theory | U1-U1V | that the function 



hi,m = tit-l)j^\ogUm+i-^{bl^ + bl^^ + (^m+^^qm-^(m + ^^ (5.1) 

is also a solution to Evi{bi,b2,m + |, 1). Based on the latter expression for the function 
hi^m, and using Proposition 4 (iii), we come to the following 

Proposition 6 If bi = 0, then we have 

where Um '■= Um{0,b2) is a special case of Umemura's polynomial, and 

f^2,m-l = f^2,m-l(0, 62)- 

Proof follows from Corollary 2, (4.10). 
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